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Abstract 

 
The Generalized Transportation Problem is a variant of the classical Transpor-

tation Problem, where the sum of the amounts of goods delivered to the destina-

tion points is different from (usually lower than) the total amount sent from the 

sources. The Stochastic Generalized Transportation Problem (SGTP) is a version 

with random demand. We present the Bi-Criteria SGTP and propose an algorithm 

for determining the set of effective solutions. 
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1   Introduction 

The Generalized Transportation Problem (GTP) can be used in many real-life 

applications. It is a special case of the Generalized Flow Problem. The theory of 

generalized flows and chosen solution methods may be found in Ahuja et al. 

(1993). A polynomial algorithm for the Generalized Minimum Cost Flow Prob-

lem was presented in Wayne (2002). Combinatorial algorithms for the General-

ized Circulation Problem were presented in Goldberg et al. (1988). Some issues 

concerning the generalized networks may be also found in Glover et al. (1972). 

The Generalized Transportation Problem was considered e.g. in Balas (1966), 

Balas and Ivanescu (1964) and Lourie (1964). Anholcer and Kawa (2012) con-

sidered application of the two-stage GTP in the logistic networks, where com-

plaints are involved in the distribution process. The connection between com-

plaints ratio and the complexity of the resulting logistic network was studied. 
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The significance of generalized flows (in particular of the Generalized Trans-

portation Problem discussed in this paper) follows from the fact that they allow 

to model the situations when the amount of transported goods changes during 

the transportation process. It is obviously a useful generalization of ordinary 

flow (in particular transportation) problems and implies many real-life applica-

tions. As mentioned above, Anholcer and Kawa (2012) modeled a distribution 

network involving complaints. In Ahuja et al. (1993), the authors present several 

possible applications of generalized flows. For example, they may be used in the 

modeling of conversions of physical entities in financial, mineral and energy 

networks. Another application may be machine loading. Yet another possible 

application discussed by the authors is Land Management Problem. Nagurney et 

al. (2013) discuss in turn the application of generalized flows in the modeling of 

supplies of medical materials, food, pharmaceuticals and clothes. 

Although in the models one often assumes that the demand is fixed, it is more 

likely that it will be unpredictable. In real-life applications one may assume at 

most that the distribution of the demand may be somehow estimated. The Sto-

chastic Generalized Transportation Problem (SGTP) is the generalized version 

of GTP where the demands are given as random variables with known distribu-

tions. In such a case we are interested in minimizing the expected value of the 

total cost. This way a variant of the Nonlinear Generalized Transportation Prob-

lem is obtained. The case of the Stochastic Transportation Problem was dis-

cussed e.g. by Williams (1963), Cooper (1977), Holmberg and Jörnsten (1984) 

and Holmberg (1995). More general version of the Nonlinear Transportation 

Problem (where any convex costs at the destination points are applicable) were 

analyzed e.g. by Anholcer (2005, 2008a, 2008b), Sikora (1993) and Sikora et al. 

(1991). In the last papers the Equalization Method was considered. The conver-

gence of the version for Nonlinear Transportation Problem was proved by An-

holcer (2005, 2008a). The convergence of the version for Nonlinear and Sto-

chastic GTP was also proved by Anholcer (2013a, 2013b). In Qi (1985) the For-

est Iteration Method for the Stochastic Problem was proposed. Finally, a variant 

of the latter method, the A-Forest Iteration Method for the Stochastic General-

ized Transportation Problem (SGTP) was presented in Qi (1987). 

Note, that the stochastic versions of the Generalized Transportation Problem 

and of the Transportation Problem have the objective functions very similar to 

the Newsvendors Problem. Actually, the Newsvendor Problem can be consid-

ered as a special case of the Stochastic Transportation Problem with one source 

and one destination point (then, of course, the transportation costs can be treated 

as a constant and omitted). This is worth noticing as the Newsvendor Problem 

itself has been known at least from the moment of publication of Edgeworth 

(1888). Since then, the model was generalized and the solution methods were 

developed – see e.g. Khouja et al. (1996), Chen and Chuang (2000), Yang et al. 

(2007), Goto (2013). 
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In all these papers only the costs were taken under consideration. It is more 

likely, however, that the Decision Maker will be interested also in the minimiza-

tion of the total time of the transportation process. This leads us to the bi-criteria 

problem. 

Various versions of the Bi- and Multi-criteria Transportation Problems were 

analyzed e.g. by Aneja and Nair (1979), Gupta and Gupta (1983), Shi (1995), Li 

(2000), Basu and Acharya (2002), Khurana and Arora (2011), Kesavarz and 

Khorram (2011) and Kumar et al. (2012). The Generalized Transportation Prob-

lem in the multi-criteria version was studied e.g. by Gen et al. (1999). 

In this paper we present a method for determining the set of effective solu-

tions of Bi-criteria Stochastic Generalized Transportation Problem. In section 1 

the problem is formulated. In sections 2-5 the algorithm is presented. In section 

6 computational experiments are described. Section 7 contains main conclusions 

and final remarks. 

2   Problem formulation 

In the ordinary Generalized Transportation Problem, uniform good is transported 

from m supply points to n destination points. The amount of good delivered to 

the demand point j from the supply point i is equal to       , where     is the 

amount of good that leaves the supply point i and     is the reduction ratio. The 

unit transportation costs     are constant, the demand    of every demand point j 

has to be satisfied and the supply    of any supply point i cannot be exceeded. 

Hence, the model has the following form: 

   { ( )  ∑∑      

 

   

 

   

}   

s. t. 

∑                  

 

   

 

∑               

 

   

 

                       

In the Stochastic GTP (SGTP), the demands    are continuous random varia-

bles    with density functions   . We will assume that for every         and 

for every      
  ( )     

The unit surplus cost   
( )

 and the unit shortage cost   
( )

 are defined for every 

destination point j. As the total amount of good delivered to any destination can-
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not be less than 0, the function of expected extra cost for destination j takes the 

form: 

  (  )    
( )

∫ (    )  ( )  
  

 

   
( )

∫ (    )  ( )  
 

  

  

which can be easily transformed to the form: 

  (  )    
( )

( (  )    )  (  
( )

   
( )

)∫   ( )   
  

 

 

where    is the cumulative distribution function of the demand at destination 

j. 

Finally, the SGTP takes the form: 
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s. t. 

∑                  
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It is straightforward to see that each function    is twice differentiable and 

strictly convex. This means that the Equalization Method described by Anholcer 

(2013a) (dedicated to convex functions) may be applied in order to solve this 

type of problem (see Anholcer, 2013b). 

The second criterion that we are interested in is the time. For every pair (   ) 

of supply point i and destination point j an integer delivery time    , not depend-

ing on the amount of transported good, is defined. We assume that all the deliv-

eries may be performed simultaneously. This implies that the transportation pro-

cess finishes when the last delivery is finished. Thus, the second objective is to 

minimize the maximum time over all the deliveries. It means that the bi-criteria 

problem (BSGTP) takes the form: 

   { ( )  ∑∑      
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s. t. 
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∑               

 

   

 

                       

Usually the minima of both objective functions are different. Our goal is to 

find the set of the effective (Pareto-optimal) solutions. 

3   Algorithm – main idea 

Let S denote the set of the feasible solutions of BSGTP. The problem may be 

rewritten as 

    ( )  
    ( )  

s. t. 

     
Let    be the minimum value of  ( ) over S and let    be the minimum value 

of  ( ) over the set of solutions x where  ( ) is minimized. Obviously both    

and    are integers. The following observation holds true. 

 

Theorem 1 

A solution      of BGSTP is Pareto-optimal if and only if it satisfies the 

following conditions: 

 (  )    for some integer T, where          
there exist integers i and j,               such that        

   is the optimal solution of the problem 

    ( )  
s. t. 

     
 ( )     

 

Proof 

Assume that the solution x is Pareto-optimal. Then there is no solution     

such that either  (   )   (  ) and  (   )   (  ), or  (   )   (  ) and 

 (   )   (  ). It follows that  (  )     by the definition of   . On the other 

hand  (  )    , as otherwise by the definition of    there exists a point     with 

 (   )    , where  ( ) reaches its minimum value over S and so  (   )  
 (  ) and  (   )   (  ), a contradiction. Of course at every point     we 

have  ( )      for some i and j,               Finally,    has to be the 

optimum of the above problem as otherwise any of its optimal solutions     

would satisfy  (   )   (  ) and  (   )   (  )  a contradiction. 

Assume now there is a point       such that  (   )   (  ) and  (   )  
 (  )  As by decreasing the value of T we cannot obtain a better solution to the 

problem from the condition (iii), this means that  (   )   (  ) and in conse-
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quence        (as the objective function is strictly convex, there is a unique 

optimum for each value of T). Finally assume that there is a point       such 

that  (   )   (  ) and  (   )   (  ). It would mean that the problem from 

condition (iii) has a better solution on a subset of its set of feasible solutions than 

on the whole set of feasible solutions. That is impossible, a contradiction. This 

implies finally that    is Pareto-optimal.  

The solution strategy is then as follows. We start with finding the solution 

 ( ) minimizing the value of  ( )  Let     ( )   ( ( )). Then in iteration k, 

given  ( ), we define the value of  (   ) as the smallest     such that      

 ( )  Then we solve the problem from point (iii) of Theorem 1 and find the solu-

tion  (   )  If   (   )      then it is the next Pareto-optimal solution of 

BSGTP. Finally, if  (   ) is also an optimal solution of SGTP, then we stop the 

procedure, as  (   )      In the three following sections we are going to pre-

sent the details of the algorithm. In section 3 we briefly describe the solution 

method of the GTP with Time Criterion. In section 4 we present the modified 

version of the Equalization Method for the SGTP with an additional time con-

straint. Finally, in section 5 we describe the main algorithm in a detailed way. 

4   Generalized Transportation Problem with Time Criterion 

The GTP with time criterion has the following form: 

   { ( )     
     

   }   

s. t. 

∑                  

 

   

 

∑               

 

   

 

                       

It is straightforward to see that the optimal solution of this problem is 

                       

and the minimum value of the objective function is: 

       ( )     
This solution will be the initial solution for the modified Equalization Meth-

od at the first step of the main algorithm. The initial solution in all other steps 

will be the optimum obtained by the Equalization Method in the previous step. 

5   Modified Equalization Method 

Given time T, we will solve the problem using the modified version of the 

Equalization Method (see Anholcer 2013a and 2013b). Let us introduce m addi-



Algorithm for bi-criteria stochastic generalized transportation problem        11 

tional variables         Let                      for         and let 

    (    )     Then the SGTP with time constraint can be rewritten as

 : 

   { ( )  ∑ ∑       

   

   

 

   

 ∑   (  )

   

   

}   

s. t. 

∑                    

 

   

 

∑                

   

   

 

                             

                             

 

The KKT optimality conditions can be formulated as 

         
 (  )                                    

         
 (  )                                    

 

The following version of the Equalization Method converges to the KKT 

point of the SGTP with Time Constraint (the proof is similar to the proofs that 

can be found in Anholcer (2013a, 2013b), so it will be omitted). As it is a con-

vex programming problem, the resulting point is the optimal solution. We calcu-

late two measures of accuracy,   and    in order to be able to decide if the op-

timal solution of the SGTP with time constraint is also the optimum of the un-

derlying SGTP with no additional constraints.  

 

Algorithm 1: The Equalization Method for SGTP with time constraint 

Input: the initial solution x, the accuracy level   and the maximum acceptable 

delivery time T. 

Output: the optimal solution    and the global accuracy     
1. Initial solution. Given the initial solution, calculate the sums of de-

liveries to every destination point: 

   ∑               

 

   

 

And the partial derivatives: 

             
 (  )                  

                  
Go to step 2. 

2. Checking the optimality. For every i calculate: 
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      {   |               }  

  
     {   |         }  

      {   |                     }      

  
     {   |                }    

   

Let    ( ) be the index j such that        and let    ( ) be the index j for 

which            Compute: 

     {  |       }  
      {  

 |       }  
Let    be the index i for which       If      then STOP. Return the solu-

tion and the value of      
Otherwise go to step 3. 

3. Changing the solution. Let: 

  ( )     
 (   )     

 (     ) 

and 

  ( )      
 (      )      

 (    )  

Let    be the solution to the equation: 

  ( )    ( )       
If 

          

then set 

          

Adjust the solution and the derivatives according to the formulae: 

                (  )          

                   (  )          

                

                  

Go back to step 2. 

 

Remark: There are special cases, in which we are able to derive a simple 

formula for the root of the equation: 

   ( )    ( )      
(see Anholcer, 2013a, 2013b for the details). In other cases we use the one-

dimensional Newton method to find the value     

6   The main algorithm 

The main method has the following form: 

 

Algorithm 2. Method for finding the set of Pareto-optimal solutions of  

                     BSGTP. 

Input: BSGTP, accuracy level    
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Output: finite list L of Pareto-optimal solutions sorted by increasing delivery 

time. 

1. Initial solution. Solve the GTP with Time Criterion as in Section 3. 

Initialize list L. Add x at the end of L. Create the list LT of distinct de-

livery times     in increasing order. 

2. Finding next Pareto-optimal solution. Let x be the last element of L. 

Let T be the first element of LT. Remove T from LT. Solve the SGTP 

with Time Constraint using the modified Equalization Method pre-

sented in section 4. Let    be the optimal solution obtained and    

the global accuracy level.  If     , then add    at the end of L. 

3. Checking the stopping criterion. If       then STOP, the list L con-

tains all the Pareto-optimal solutions of BSGTP. Otherwise go back 

to step 2. 

 

The presented method is convergent, which follows from two facts. First, the 

modified Equalization Method converges to the KKT point. Second, the number 

of iterations is finite because the number of distinct delivery times is finite. 

7   Computational experiments 

Several test problems were randomly generated and solved with the proposed 

method. All the demands have exponential distribution Exp(), where the values 

of  were chosen uniformly at random from the interval <0.5, 0.6). The unit 

transportation costs were chosen from the interval <5, 10), the surplus costs from 

the interval <1, 2), the shortage costs from the interval <5, 10), the reduction 

ratios from the interval <0.8, 0.9) and the supply of each source point from the 

interval <10, 20). The delivery times were chosen from the set of integers 

{1, 2, …, 10}. The algorithm was implemented in Java SE and run on a personal 

computer with Intel(R) Core(TM) i7-2670 QM CPU @2.20 GHz. 1000 random-

ly generated problems of eight sizes were solved for (m, n) = (10, 10), (10, 20), 

(30, 30), (30, 60), (50, 50), (50, 100), (100, 100) and (100, 200) – 8000 test 

problems in total. The running times in milliseconds (average, standard devia-

tion, minimum and maximum) are presented the Table 1. 

 
Table 1.  

Running times in milliseconds 

Problem 

size 
1010 1020 3030 3060 5050 50100 100100 100200 

AVG 4.64 10.81 118.15 401.52 713.55 2733.14 7143.04 34136.65 

ST DEV 14.16 23.57 148.17 317.26 615.66 1592.90 3837.50 12030.73 

MIN 0.00 0.62 18.70 117.10 125.00 859.00 2185.00 14619.00 

MAX 337.74 610.91 2569.40 3304.40 5538.00 11966.00 32605.00 91246.00 
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As we can see, the algorithm is very fast – the running times are expressed in 

seconds or even milliseconds in the case of the problems of reasonable size. 

8   Final remarks 

The algorithm presented above allows to find quickly the set of Pareto-

optimal solutions of the Bi-criteria Stochastic Generalized Transportation Prob-

lem, where one criterion is the expected total cost of all the deliveries and the 

other one, the maximum delivery time Given the upper bound on the delivery 

time, the subproblem takes the form of  SGTP with additional Time Constraint. 

This can be solved by a variant of Equalization Method, that can be shown to be 

convergent to the KKT point (see Anholcer 2013a, 2013b). As there are only 

finitely many possible delivery times, also the method dedicated for BGSTP 

presented above is also convergent. In consequence, we are able to find the set 

of all the Pareto-optimal solutions in finite time. 

While formulating the problem, we made some assumptions. Let us discuss 

two of them. 

First, we assumed that the delivery times must be integers. Although this is 

likely to be the case in the real world, we can remove this assumption. Even if 

the times are arbitrary real numbers, their number is finite and so the algorithm 

is still capable of delivering the list of effective solutions. 

Then, we assumed that the density functions have to be positive. This implies 

that the objective function  ( ) is strictly convex and the subproblem, which has 

the form of SGTP with Time Constraint, has an unique optimal solution. This 

was in turn used in the proof of Theorem 1. However, we can omit this assump-

tion as we can consider the equivalence relation: 

 ( )   ( )   ( ( ))   ( ( ))  
Then, the set of the effective solutions consists of a finite number of the 

equivalence classes of , and the presented method finds the representatives of 

all those classes. This is of course acceptable in real-life applications. 
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